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Abstract

All the error correcting linear [5, 2]-codes over GF (4) were classified in this study. The [5, 2]-codes over GF (5),
instead of GF (4), have been classified. At the end, the weight distribution of the developed codes has been
computed.
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1. Introduction
Let GF(g")denote the vector space of all n-tuples over the finite field GF(g), of order g. A g-ary linear code C

is a linear subspace of GF(g"). If C has rank £, then C is called an [n, k] —code. Every member c&C is called a

codeword. A generator matrix for an [n, k] —code C is any k X n matrix G whose rows form a basis for C. The
weight, wt(c), of a codeword ¢ is the number of its elements that are non-zero, and the distance between two
codewords is the number of elements in which they differ. The minimum distance of a code C is the smallest
distance between distinct codewords in C. For linear codes, the minimum distance is also called the minimum
weight of the code. If the minimum weight d of an [n, k]-code is known, then we refer to the code as an [n,k,d]-code.
Two linear codes are equivalent if one can be obtained from the other by a series of operations of the following two

types:
= An arbitrary permutation of the coordinate positions, and

= In any coordinate position, multiplication by any non-zero scalar.

Two k by n matrices G and G, produces equivalent codes if (G, can be derived from G, by a series of operations of

the following types:
= permutations of rows or columns or both;
= multiplications of a row or column or both by a non-zero scalar;
= addition of a scalar multiple of one row to another.

For an understanding of coding theory at basic level please see [1], [2] or [3].
Let G given below be a generator matrix of a [5, 2]-code C, where a,,b;, EGF(S)and i =1,1< j<3.

g

_ [1 0a,a,ag;
01 by, by, by
To be error-correcting code, at least two of {an, a,,, aB}have to be non-zero. Hence through column permutation,
1ol 1 a;
01 ajby, anb, by,
1011 a,
01 pgqb;

We can ensure that @,,,a,, # (. Hence, we obtain [

Set p = al"llbnand q= a1_21b12in matrix above to get
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For the code to be error-correcting, two of { D.q, b13} must be non-zero. Without loss, let p = (.Then, let us

» 10 11 a;,
multiply the second row of the above matrix by p~ to get » 4 y
0p~1p~qp by
o L 1o1l  a;
and then multiply its second column by p which yields 4 y
01 1p~q p~h;

-1 . . 1 0 11 X
Wenowset p~ g =m, d;; =xand p~ b, = yand obtain

Ollmy

2. Exploration of Equivalence Case by Case
CASEA: (m =0)

Then
1011 x
G= .
0110y
We produce a transformation diagram which shows that each generator matrix of CASE A can be transformed into a
matrix of CASE B where m = 1.

1011 x o 1011 x . —ar 101 1x
— 2 — 02 5
0110y 4104 y-x 14014(y-x)
cy=4c, 101 1x swap(e;,¢1) 1o11x
11014(y-x) 01114(y-x)

This is a matrix of the following case i.e. CASE B whenm = 1.
CASEB: (m=1)
1011
For (m=1) G= x .
’ 0111y
1011 x 1011 u
4100 y-x 4100v]|

Subcasel: Letu = v = 0 . Then the code generated by G has no error correction power.

Therefore,GN[ ].Letx=u and y —x =v.Then GN[

Subcase2: Let u # 0, v = 0. Again the code generated by G has no error correction power.
Subcase3: Lety = 0, v # 0 which implies that
1011 u 10110 i 10110 r 10110
G~ - Ve __n=ntn =M,
4100v 4100v 41001 01111
Subcase4: Let u = Qand v = 0.
lottu] . Jltortl o [1 0111
Then G ~ I SR —_DEhth
4100 4100wy 01 111+u™y

r=l+uly 1 011 1
é .
ort11r
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Since ¥ € GF'(5), we obtain the following five generator matrices here:
1o1r1 1o111 1o111 1o111 10111
G]= ,G2= ,G3= ,G4= ,G5= )
01110 01111 01112 01113 01114
We now notice that the code generated by (5, does not correct any error as 47, +7, = (4,1,0,0,0)
has weight 2. We now show that M ;in Subcase3 is equivalent to G] .

10110] iy  [OTT11] e 10111=1
01111 10110 01110

Next we produce below a set of transformation diagrams that will establish equivalence among codes generated

G3,G4and Gs-

1

. FOITT] s [LOUI3] o [O1 1I] ey [LOTT1] _ 4
01112_ 01111 10113 01113
1o111] ., [tort1] , [to11l1]l .., [lol1l

s = —_— —0 5 _h=ontn
01114_ 03332 01332 31110

swap(c;,cs) 1 0 11 1 -

01113 *

Our next goal is to show that the codes generated by Gl and G3 are not equivalent. Towards that, we investigate the
weight distribution of codes. Our investigation shows that code generated by Gl has 8 codewords of weight 3

whereas code generated by G3 has 4 codewords of weight 3. Hence, the codes are not equivalent.

CASE C: (m=2)
1

Then G = 011 x .
0112y

01120

Then using the technique as in CASE B, we get the following weight distribution for the code generated by G in
this case: 4, =1, 4, =16, 4, =8.

Subcase2: Let X # 0 and y = 0.

[1 011 x 10111 l

10110
Subcasel: Let x =0 and y =0. G=[ l

01120 01120

The following diagram shows that the code generated by matrix above is equivalent to the code generated by G3 in
CASE B.

tort1ty ..., [tor11} ... [01112] .., 01112
G3= __hEhER g Y el L B —a=%q 4
01112 41001 41001 11001

swap (1,15) 1 10 0 1 swap (¢, ,¢c3) 1 0 1 0 1 =3 1 O 1 0 1 Cy=2C5,03=2C3,c4=2Cy
0111 2 01112 03331

l , which is equivalent to [
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1 020 1 swap (1,15) 01 11 1 swap (c;,¢5 ),swap(Cq,¢5) 1 01 11
01111 10201 01210

Subcase3: Let x = Oand y = 0.
G 10110 10110
0112y 11211

The following diagram shows that the code generated by matrix above is equivalent to the code generated by G3 in
CASE B.

ro11 ll . r01 111 o [0111zl - [0111 2]
G, = —_hEhTR Y el L B —a=%q 4

} , which is equivalent to [

S lo1112 41001 41001 11001

swap (1,15) 1 10 0 1 swap (¢, ,c3) 1 0 1 0 1 swap (¢, ,¢5) 1 0 11 O .
01112 0111 2 01121
Subcase4: Let X = 0 and y = 0.
1011 x o 10111
Then G = , which is equivalent to .
0112y 0112x7"y

Let s = x' . Since ¥ €E GF(5) \ {0}, we obtain the following five generator matrices here:
— 1011 11 = 1011 17 — 1011 1] = 1011 1
G, = .G, = .G, = .G, = .
01121 0112 2 01123 0112 4
In 61 , if we swap columns four and five, we obtain the following matrix:
10111
01112
The diagram below shows that code generated by 52 is equivalent to code generated by G3 .
— 1011 1 P 10111 ol 10111 » 10111
G2 = DBzl —Dn=h —6=70
0112 2 31400 2410 0 21100
1011 1
01120

by 62 is equivalent to code generated by G3 .

l which is a generator matrix, investigated in CASE B when m = 1.

swap (¢ .¢q) [

l , a matrix which is investigated above in CASE C, Subcase2. Hence code generated

Now using the same technique as in CASE B ((m = 1), Subcase4, we can find the weight distribution of the code
generated by 53 , which is as follows: Ao =1, A4 =20, A5 =4.

Next we show that the codes generated by 63 and G, 4are equivalent.

= [1 011 1] . [1 0111 10111

“lo112 3 02241 02214 0212 4

— l swap(cy,Cs) l:
ME[WMIFG

}, FOHW
swap(cy,¢4)

3
0112 4 4
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CASED (m =3)
1011 x
0113y

where m = 2. Hence matrices of this case require no further investigation.
CASEE (m =4)

1011 x
0114y

matrices of this case require no further investigation.
From the discussion above, the following theorem is obtained by us.

* One can easily check that each matrix of this case transforms into a matrix of CASE C,

Then G = [

+ As in CASE D, each matrix of this case transforms into a matrix of CASE C, hence

Here G = [

3. Conclusion
There exist 4 classes of non-equivalent [5, 2]-codes over GF (5) generated by the following four matrices:

10111 10111 1011 0] — 10111
G, = , Gy = ,G= » Gy =
01110 01112 01120 01123
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